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Abstract
In a spacetime divided into two regions U1 and U2 by a hypersurface Σ,
a perturbation of the field in U1 is coupled to perturbations in U2 by means
of the holographic imprint that it leaves on Σ. The linearized gluing field
equation constrains perturbations on the two sides of a dividing hypersurface,
and this linear operator may have a nontrivial null space. A nontrivial per-
turbation of the field leaving a holographic imprint on a dividing hypersurface
which does not affect perturbations on the other side should be considered
physically irrelevant. This consideration, together with a locality require-
ment, leads to the notion of gauge equivalence in Lagrangian field theory over
confined spacetime domains.
Physical observables in a spacetime domain U can be calculated integrat-
ing (possibly non local) gauge invariant conserved currents on hypersurfaces
such that ∂Σ ⊂ ∂U . The set of observables of this type is sufficient to dis-
tinguish gauge inequivalent solutions. The integral of a conserved current on
a hypersurface is sensitive only to its homology class [Σ], and if U is home-
omorphic to a four ball the homology class is determined by its boundary
S = ∂Σ. We will see that a result of Anderson and Torre implies that for a
class of theories including vacuum General Relativity all local observables are
holographic in the sense that they can be written as integrals of over the two
dimensional surface S. However, non holographic observables are needed to
distinguish between gauge inequivalent solutions.
∗email: zapata@matmor.unam.mx
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1 Context
Motivated by the development of blackhole thermodynamics [1, 2], more than two
decades ago pioneers of modern physics put forward a holographic principle that
sparked immense interest in the community [3, 4]. More recently, motivations from
string theory lead to the discovery of the gauge/gravity correspondence [5] provid-
ing an avenue for defining new quantum gravity theories. Interestingly, quantum
information has been found to play an important role in the gauge/gravity corre-
spondence [6, 7, 8, 9].
Despite its motivation, this article does not contribute by elongating the promis-
ing road towards quantum gravity emerging from the gauge/gravity correspondence,
and our work is classical in substance.
A recurrent theme in this study is that a hypersurface locally splits spacetime
into two regions and can be thought of as the communication channel between them.
Spacetime localized properties of the field will be of our interest. Since measuring
devices live in spacetime as well, measurement will be understood as the interaction
between the system of interest (a certain field) and the measuring device (a field
or a detector modeled otherwise). Think for example of a beam interacting with a
screen for a short period of time; a spacetime description of the situation takes place
in a bounded spacetime domain U where part of its boundary is the world history
of the screen. In this situation, our point of view will be that measurement did
not take place inside a spacetime region U where the field lives but at a boundary
where it interacts with another system. We will focus on the idea that measurement
requires a division of a system into two subsystems, the system of interest and the
reference system with respect to which we measure. A division of the field into two
subsystems is achieved by considering a bounded spacetime region and considering
the field inside U as the system of interest and the field outside the region as the
reference with respect to which we measure. The system of interest interacts with the
reference system though the boundary of the region ∂U . We will exhibit observables
for pure gravity defined on spacetime domains with boundary defined by considering
the field at ∂U , together with its partial derivatives, as a reference system.
From this point of view, there could be field configurations in U which are
different, but which cannot be distinguished by the reference system, which for
us is the field outside of U (or the field together with enough partial derivatives at
∂U).
We will also play with the idea of having the ability of separating a system
into subsystems in arbitrary ways as indicated by splitting a spacetime region into
subregions like U = U1#ΣU2 (which means that the union of the subregions is U
and the intersection is the hypersurface Σ). We will study the gluing conditions that
the field and its perturbations satisfy at hypersurfaces Σ serving as communication
channel between subsystems.
From the study of how perturbations propagate through communicating hyper-
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surfaces a condition for gauge equivalence naturally arises. We complement it with
requirements of locality and relativity of measurement to give rise to a notion of
gauge vector fields which is suited to work on spacetime confined domains. This
notion of gauge becomes a cornerstone for the version of Lagrangian field theory
presented in this work and for the study of observables and holography given in the
rest of the article.
A close relative to our proposal is the discovery of holographic behavior in gauge
theories confined to bounded domains; more precisely, that the presence of bound-
aries in gauge theories leads to “would be gauge degrees of freedom” living at the
boundary [10, 11] showing that entanglement entropy, gauge and locality are inter-
estingly intertwined [12, 13].
Our interest on communicating hypersurfaces Σ and on measurement makes it
natural to consider observables modeled by the integration of currents on hyper-
surfaces. We want to consider the data at Σ as characterizing a solution (at least
partially) in a neighborhood of Σ and we want the function to depend on the so-
lution being as independent of Σ as possible. This is our reason for considering
conserved currents. Additionally since our intention is to model measurement, we
should consider gauge invariant conserved currents. In the paper we show that ob-
servables calculated integrating this type of currents are capable of distinguishing
gauge inequivalent solutions.
In bounded spacetime domains U with the topology of a ball observables calcu-
lated integrating conserved currents do not depend on more details of the integrating
hypersurface than its boundary, S = ∂Σ ⊂ ∂U . The hypersurface can be deformed
within U keeping its boundary fixed and the evaluation of the observable would
not change. On the other hand, the field inside U is completely determined by the
field (together with enough of its partial derivatives) in ∂U . Generic observables
in bounded spacetime domains can be thought of as complicated functionals of the
field in ∂U .
It is natural to wonder about observables calculated from conserved currents
which depend only on the field at the co-dimension two surface S = ∂Σ. We study
this type of holographic observables in detail.
Before we finish setting up the context of this study, we have to give a pair of
remarks. The first one regards the causal structure. General relativity is one of the
theories that we intend to cover in our study, and it sets spacetime geometry as a
dynamical field interacting with matter fields. Since causal structure follows from
spacetime geometry, at the initial stage of our setting we consider a spacetime M
without a prefixed causal structure which could let us talk about spacelike surfaces
or Cauchy surfaces for example. Once we have a metric, or a class of metrics, we can
refer to a causal structure. The previous remark gives us the opportunity to mention
that we will consider observables which are not defined for all field configurations
(or for all solutions). Important observables will need a specific physical context
to be defined, and this context may only be consistent in a domain of definition
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consisting of a certain class of fields. A mathematical side to the same issue could
be that the expressions defining a given observable may be well defined only in a
certain domain.
The second remark is about the term “local”. In this introductory section we al-
ready mentioned “spacetime localized” properties of the field; it refers to properties
of the field inside a bounded spacetime region U . This term will not appear often
and if it does its meaning should be clear. We also mentioned a principle of “locality
of measurement” when we were talking about our notion of gauge equivalence. We
will see later that this refers to being able to calculate a physical observable as a
sum of “local contributions” where each of them is gauge invariant in the appro-
priate context. In the next section we will talk about “local functionals” of the
field. This term will appear often and it refers to functionals depending on the
field and finitely many of its partial derivatives. But the terminology needs to be
more specific. A physical observable f is called “spacetime local” if it is calculated
integrating a density which depends on finitely many partial derivatives of the field.
A physical observable fΣ calculated integrating a current is said to be “hypersur-
face local” if the current depends on finitely many partial derivatives of the field.
Consider a field theory which admits a formulation in terms of initial data. Call
TΣ the map sending initial data to solutions. We can use the pull back map T
∗
Σ
to transform spacetime covariant functionals into functionals of initial data. Since
this procedure involves integrating non-linear equations, its is generically a non-local
procedure which transforms spacetime local functionals into functionals which fail
to be hypersurface local. There are very few hypersurface local observables apart
from Noether charges. A set of observables calculated integrating currents needs to
include observables which are not hypersurface local to be rich enough to describe
the system.
The organization of this paper is as follows. In Section 2 we will present a version
of Lagrangian field theory and pay special attention to the gluing conditions that the
field and its perturbations satisfy at hypersurfaces Σ separating the system of inter-
est into two pieces. We chose a version of field theory based in two aspects which we
considered essential for our study: spacetime covariance and locality. The version of
Lagrangian field theory that we describe in the next section is a spacetime covariant
and local description in the sense of Oeckl’s General Boundary Formulation of field
theory [14]. The example of two dimensional abelian BF theory is developed in this
section with the intention of providing a simple example which is useful for the rest
of the article. General relativity is mentioned frequently in the paper, but instead of
performing technical calculations for that example we give references for the results
that we mention. In Section 3 we develop a notion of gauge equivalence appropriate
for bounded spacetime regions. With this notion of gauge, the version of Lagrangian
field theory presented here is completed. Our argument supporting the definition
equivalence is a covariant and local version of Newton’s principle of determinacy. In
Section 4 we study the class of observables that can be calculated integrating gauge
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invariant conserved currents. In Section 5 we describe how results of Anderson and
Torre [15, 16] imply that hypersurface local gravitational observables (in the vac-
uum) are holographic. In Section 6 we present families of gravitational observables
which are holographic and large families of observables which are not holographic.
Section 7 contains a summary of our work and gives some concluding remarks.
2 Lagrangian classical field theory
In this section we give a brief review of the version of Lagrangian classical field theory
that will used in this work. It will also be useful to fix the notation for the rest of the
article. Local functionals and the variational principle are elegantly treated in the
jet bundle using the tools of the variational bicomplex. Vector fields in the space of
solutions play an important role in our work, in particular because observables and
observable currents have associated Hamiltonian vector fields. In order to correctly
model those vector fields we have to step out of the geometrical formalism of the jet
bundle and work at the level of sections using analytical methods. Here we will give
a minimal description of the part of this formalism that is essential for presenting
our results. For an excellent short introduction the variational bicomplex see [17],
and for a combination of this framework with analytical methods see [18, 19]. First
we will have a general review of the formalism, and we will finish the section with
the example of two dimensional abelian BF theory. We choose this example because
it is very simple and it still let us illustrate how the formalism works for field theories
with gauge freedom. In the paper we will often mention general relativity, but we
will not do the calculations here and just cite the relevant references.
2.1 General framework
We will aim to have a local description of field theory closely related to the General
Boundary formulation of field theory [14]. In our setting there is a fixed spacetime
manifold M of dimension n = 4, and we will study the field in a region U ⊂ M
which may have a boundary and corners.
There is a bundle over spacetime pi : Y → M with an m−dimensional fiber F ,
and the field studied in this work is considered to be a section of the restriction of
the bundle to the region of interest, φ : U → Y |U .
Points in the k−jet bundle pik,0 : J
kY → Y , k = 1, 2, . . . are equivalence classes
of local sections of pi that agree up to k-th order partial derivatives when evaluated
at a given point x ∈ M . The evaluation of a section of the original bundle is
written using a local chart as φ(x) = (x1, . . . , xi, . . . , xn; u1, . . . , ua, . . . , um) ∈ Y |U .
Accordingly, the k-jet gets the following coordinates
(
x; u(k)
)
:= (x1, . . . , xi, . . . , xn; u1, . . . , ua, . . . , um; . . . , uaI , . . . ),∈ J
kY |U
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where i = 1, . . . , n; a = 1, . . . , m; and I = (i1, . . . , ik) is a multiindex consisting on
an unordered k-tuple of coordinate indices (because this type of indices indicate a
k-th order partial derivative of a section). We write |I| := i1+ · · ·+ in = 0, 1, . . . , k,
ij ≥ 0, ij ∈ N for the degree of the multiindex. (In the case I = ∅ we set u
a
∅ = u
a).
Different jets are related by projection maps. The projection pik+r,k : J
k+rY →
JkY is defined by erasing the coordinates that do not fit in the jet of lower order.
In this structure the infinite jet J∞Y is the jet of highest order. That is, it is a
space from which there is a projection to every jet of finite order; and one can think
of any jet of finite order as a truncation of the infinite jet. This idea is formalized
defining the infinite jet by an inverse limit. For notational convenience we denote
the infinite jet simply by JY .
Smooth functions on JY are those and only those that can be puled back from
a jet of finite order. Vector fields on JY are derivative operators on the ring of
smooth functions.
Given a section φ : U ⊂ M → Y |U , its prolongation to the k−jet j
kφ : U ⊂
M → JkY |U is
jkφ(x) =
(
x1, . . . , xi, . . . , xn;φ1(x), . . . , φm(x); . . . ,
∂|I|φa
∂i1x1 . . . ∂inxn
(x), . . .
)
.
In classical field theory the main objects are not points of Y but sections of Y .
Thus, curves of sections and flows of sections will be of primary importance. It turns
out that given any section φ ∈ HistsU the tangent space to the space of sections
TφHistsU can be properly modeled by objects (vector fields) coming from the jet,
but generic vector fields in HistsU cannot.
A vector field in Y generates a flow of points in Y . Vector fields sending sections
into sections without moving points in the base manifold are vertical vector fields
V = 0
∂
∂xi
+ V a
∂
∂ua
.
If the coefficients are allowed to depend on partial derivatives of the field up to finite
order this “vector field” (called an evolutionary vector field) would generate a flow
of sections that if seen in the jet JY would be generated by the vector field in JY
jV =
∞∑
|I|=0
(DIV
a)
∂
∂uaI
,
where Di is the total derivative (to be defined below) and where DI implies a
successive application of the total derivative as indicated by the multi index I. The
important property of evolutionary vector fields is that they send sections in JY
which are prolongations of sections of Y into other sections that are prolongations.
The coefficients in the expansion of a vector field in JY in terms of a basis are
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functions in the jet; that is, they may depend on arbitrarily many, but finite, partial
derivatives of the field. When seen from the point of view natural to the infinite
dimensional manifold HistsU the vector fields obtained from vector fields in the jet
belong to a very spacial class; they are called local vector fields. At the end of this
section we will mention that at the level of solutions SolsU ⊂ HistsU generic vector
fields are not local vector fields, and including non-local vector fields is essential for
a physically appropriate treatment of classical field theory [20, 19].
A convenient basis for differential forms in JY is generated by wedge products
of the set of generators {dxi, ϑaI}, where
ϑaI := du
a
I −
n∑
j=1
ua(I,j)dx
j .
Factors of the type dxi are called “horizontal” and factors of the type ϑaI are called
“vertical”. The space of p-forms is a direct sum of spaces Ωr,s(JY ) which are prod-
ucts of exactly r horizontal one forms and s vertical one forms. Since the differential
brings up the degree of forms by one, the direct sum structure makes the differential
split as a sum of operators
d = dh + dv,
where dh : Ω
r,s(JY )→ Ωr+1,s(JY ) and dv : Ω
r,s(JY )→ Ωr,s+1(JY ) are characterized
by their action on functions
dhf =
(
∂f
∂xi
+ ua(J,i)
∂f
∂uaJ
)
dxi = (Dif)dx
i, dvf =
∂f
∂uaI
ϑaI .
The differentials of the generators are
dhdx
i = 0, dvdx
i = 0, dhϑ
a
I = dx
i ∧ ϑa(I,i), dvϑ
a
I = 0.
The following identities are easy to verify
dh
2 = 0, dvdh = −dhdv, dv
2 = 0.
ιXdhF = −dhιXF, jφ
∗
dhG = d jφ
∗G,
where X is any evolutionary vector field, φ is an arbitrary section of Y , F is a dif-
ferential form of horizontal degree k and vertical degree r, G is a differential form of
horizontal degree k and vertical degree 0 and d stands for the de Rham differential
inM . In the closely related context of the covariant phase space formulation of clas-
sical field theory [21, 18] the counterpart of dv is the field differential (or variational
differential), and dh leads to the spacetime differential.
Let us consider Hamilton’s principle of extremal action for a Lagrangian density
of kth order, L(jφ(x)) = L(xi, φa(x), ∂iφ
α(x), ∂I=(i1,...1k)φ
a(x)). Given a history φ,
the variation of the action induced by the evolutionary vector field V is written as
dSU [Vφ] =
∫
U
jφ∗LjVL =
∫
U
jφ∗ιjV (E(L) + dhΘL), (1)
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where an essential result of calculus of variations says that integration by parts lets
us write any differential form of type Ωn,1(JY ), like dvL, uniquely as a source form
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plus a boundary term, dvL = I(dvL) + dhΘL, and we have defined E(L) = I(dvL).
For a description of the integration by parts operator see [17].
The field equation is written as jφ∗E(L) = 0. Histories solving the field equation
are called solutions φ ∈ SolsU ⊂ HistsU . The space SolsU is an infinite dimensional
manifold; the tangent space of a solution TφSolsU is generated by variations of the
field induced by evolutionary vector fields V satisfying the linearization of the field
equation around φ. Our notation will be as follows: V induces a tangent vector
vφ ∈ TφSolsU . In this language the conservation of the presymplectic current ΩL =
−dvΘL follows from 0 = dv
2L = dv(E(L)+ dhΘL), and is written as the vanishing of
the differential form dhιjW ιjVΩL when restricted to points of the jet jφ(x) which are
the image of a solution and when both inserted variations satisfy the linearization
of the field equation around φ. If we integrate dhιjW ιjVΩL on a hypersurface Σ we
obtain the functional
∫
Σ
j∗φιjW ιjVΩL measuring the presymplectic product of the
variations induced by V and W which due to the conservation law is insensitive to
deformations Σ′ = Σ+ ∂B.
Vector fields in SolsU , assignments of tangent vectors to points, are not properly
modeled by objets of the jet. It turns out that for non-linear PDEs generic vector
fields in SolsU are not-local. In particular, we will see later on in the paper that
for vacuum general relativity Anderson and Torre [15, 22] showed that the set of
local vector fields do not generate all the non-trivial flows in Sols that are relevant
to study field theory. Generic flows in SolsU are generated by non-local vector fields
in SolsU .
For example, if we are interested in using two vector fields v, w in SolsU to
insert them in the presymplectic form to obtain the functional that calculates their
presymplectic product, the calculations leads to the integral of a conserved current
that is non-local. We will change our notation to accommodate for non-local objets;
we will write
ωLΣ(v, w)[φ] =
∫
Σ
Ω˜L(v, w)[φ],
where the presymplectic current evaluated on tangent vectors to a given solution is
the same that we defined above, but if we insert tangent vectors which do not vary
locally (when the solution is modified) the result is not a differential form in the jet.
When dealing with non-local objects (like non-local vector fields or non-local
currents) we will work at the level of sections and modify the notation as done with
the functional written above. Thus, symbols with a tilde denote n − 1 forms in M
which depend on the field (possibly in a non-local way) and on (possibly non-local)
vector fields. An important remark is that we do not need to define the objects with
1 A source form has horizontal degree n and its vertical part is proportional to the generator
ϑa which sees the variation of the field and not the partial derivatives of the variation.
8
tildes separately because if a given solution is chosen with the aim of evaluating the
functional, we can work with local objects using the formulas written above using
the language of the jet.
According to the terminology that we declared in the introductory section, the
functional ωLΣ(v, w) is not hypersurface-local.
2.2 Example: two dimensional abelian BF theory
This example will take place considering that spacetime is a cylinder, M = R× S1.
We can consider that the region of interest is U = [ti, tf ]× [θi, θf ].
The fields that we will consider are a 1-form in M , which we call A, and a
0-form, which will be denoted by B. The field bundle is Y = T ∗M ⊕ M × R.
We could continue calling the total field φ, but we choose to change to a more
descriptive symbol. A history in U will be denoted by Æ : U → Y |U . We choose
a chart in U with coordinates (t, θ), and in Y we denote points using the induced
local trivialization. Then the evaluation of a section may be written as Æ(t, θ) =
(t, θ;At(t, θ), Aθ(t, θ), B(t, θ)). We may also use a more compact notation Æ(x) =
(xi;Ai(x), B(x))
The evaluation of the prolongation of the section in the jet is written as jÆ(x) =
(xi;Ai(x), B(x); vij = ∂jAi(x), v
B
j = ∂jB(x); . . .). The curvature of A is denoted by
F and in the local trivialization it is written as Fijdx
i ∧ dxj = 1
2
(vji− vij)dx
i ∧ dxj.
When pulled back to M , the curvature yields a two form which is determined by a
function specifying the proportionality factor with respect to the area form dt ∧ dθ
given by the chart.
The basis for tangent vectors in the jet induced by the chart can be written as
{∂i =
∂
∂xi
, ∂j = ∂
∂Aj
, ∂B =
∂
∂B
; ∂ji = ∂
∂vji
, ∂
j
B =
∂
∂vBj
; . . .}. The basis of one forms
adapted to the vertical horizontal decomposition is {dxi, ϑj = dAj − vjidx
i, ϑB =
dB − vBi dx
i;ϑji = dvji − vjikdx
k, ϑBi = dv
B
i − v
B
ikdx
k; . . .}. Notice that we have
simplified the natural notation in the sense that we could have decided to write
ϑAj instead of the simplified symbol ϑj , and the same for all the vertical generators
related to partial derivatives of the A field. Then we are using a notation in which
the presence of a super index B means that it is related to the B field and the
absence of a superscript means that it is related to the A field.
We live as an exercise to the reader to calculate the horizontal and vertical
differentials of the coordinate functions that we chose for JY . The most relevant in
the calculations below are: dvB = ϑ
B, dvFij =
1
2
(ϑji − ϑij), dhB = v
B
j dx
j, dhϑi =
dxj ∧ ϑij .
We consider the first order action
SU [Æ] =
∫
U
jÆ∗BF. (2)
This is the two dimensional version of a class of field theories whose quantization was
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called “quantum cohomology” by Horowitz in the paper [23] where he introduces
BF theories as non-abelian generalizations of this class of field theories.
We start calculating dvL; we obtain
dvL = (ϑ
BFij +
1
2
B(ϑji − ϑij))dx
i ∧ dxj .
After integration by parts (to get rid of differential forms which see partial derivatives
of the variation) we obtain
dvL = (v
B
i ϑj + Fijϑ
B) ∧ dxi ∧ dxj + dh(−Bϑj ∧ dx
j).
From this calculation we can read the field equations (which turn out to be linear)
dB = 0, dA = 0, (3)
and also the presymplectic current
ΘL = −Bϑj ∧ dx
j , (4)
ΩL = ϑ
B ∧ ϑjdx
j . (5)
The space of solutions in this example is formed by pairs consisting of a constant
function (the B field) and a closed 1-form (the A field). Notice that since the field
equations are linear, perturbations of the field obey the same equations.
This example is completely different from general relativity in the sense that
vector fields in the space of solutions can be modeled by local vector fields. The field
equations and the linearized field equations are linear, and every class of solutions
modulo gauge contains local representatives. Then if we work with only local fields
and local vector fields the description continues being physically appropriate.
In the next section we will be able to comment on the space of solutions modulo
gauge. Then it will be clear why is that Horowitz called the quantization of this
class of theories quantum cohomology.
3 Gauge from holography
Consider a solution of the field equations φ and a hypersurface Σ separating space-
time into two connected components U1 and U2 that intersect along Σ. Clearly, if
we restrict the solution to one of the components we get a solution in a restricted
domain φi = φ|Ui. Consider a different solution φ
′
1 over subdomain U1 such that its
restriction to Σ coincides with φ1 up to its partial derivatives of order k and recall
that the field equation is of order k + 1. It is fact that we could cut and paste
to replace the portion of solution over U1 with φ
′
1 and generate a different solution
φ′ = φ′1#Σφ2. As far as the field over U2 is concerned, the cut and paste opera-
tion is not physically relevant. In the case in which the field in U1 —the system of
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interest— is being studied through measurements at Σ = ∂U1 = U1 ∩ U2,the field
configurations φ1 and φ
′
1 are not distinguishable by any measuring device. Therefore
a natural extension to Newton’s principle of determinacy to this scenario requires
declaring φ1 and φ
′
1 as physically equivalent.
Let us study the cut and paste operation just described. Consider two domains
intersecting at a hypersurface Σ in such a way that they form a composite domain
U = U1 ∪ U2. If the field φ = φ1#Σφ2 is considered as smooth at each subdomain
but only continuous over Σ, the variation of the action for the composite domain
dSU [Wφ] = (dSU1 + dSU2)[Wφ] includes a term∫
Σ
(jφ∗1 − jφ
∗
2)ιjWΘL. (6)
A physical field in U must be an extremum of the action for all variations vanishing
at zeroth order over ∂U . That is, the allowed variations do not affect the evaluation
of the field at the boundary, but they can induce changes in the partial derivatives
of the field at the boundary. Given a history φ ∈ HistsU , let us call V
∂U
φ ⊂ TφHistsU
the space of variations considered by Hamilton’s principle of extremum action. As
described in the previous section, we will model TφHistsU by evolutionary vector
fields in the jet. We will study the conditions for extremality of the action in two
steps corresponding to a decomposition of V∂Uφ as a sum of two of its subspaces
V
∂U
φ = V
∂U1,∂U2
φ + W
∂U,U1,U2
φ , where the first summand is the space of variations
vanishing at zeroth order over ∂U1 and ∂U2 and the second summand is the space
of variations vanishing at zeroth order over ∂U and satisfying the linearization of
the field equation (possibly with source if φ is not a solution) in the interior of the
domains U1 and U2. Consider an arbitrary V ∈ V
∂U
φ ; it generically does not belong
to V∂U1,∂U2φ because it may not vanish at zeroth order over Σ \ ∂Σ. However since
the restriction to Σ \ ∂Σ of the zeroth order component of elements of W∂U,U1,U2φ is
completely unconstrained, there is a (possibly not unique) W ∈ W∂U,U1,U2φ such that
V −W ∈ V∂U1,∂U2φ .
Thus, the extremaility of the action is equivalent to demanding first extremality
with respect to variations in V∂U1,∂U2φ and later extremality with respect to variations
in W∂U,U1,U2φ . We know that the first condition is equivalent to imposing the field
equation in the interior of the domains U1 and U2. The second condition does not
impose any further restriction to the field in the interior of the domains U1 and U2,
but it requires that (6) vanishes for every W ∈ W∂U,U1,U2φ .
2 The resulting gluing
field equation of order k demands that the V -momentum crossing Σ coming from
U1 needs to match the V -momentum crossing Σ coming from U2.
Because of our interest in the type of relative measurements described in Section
1, we are particularly interested in the propagation of variations of the field through
2 Integration by parts is unnecessary if ΘL|Σ is already a source form, as happens with the
usual definition.
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hypersurfaces. Consider a one parameter family of fields φt (starting at φt=0 = φ and
generated by the flow of the vector field v = v1#Σv2) satisfying the field equation in
U1 and U2 and solving the gluing problem over Σ for each value of the parameter.
3
Since (6) vanishes for any W ∈ W∂U,U1,U2φ when evaluated at φt = φ + tv + O(t
2);
then up to first order in the t parameter (ΘL(j(φ + t(v1 − v2)))|Σ vanishes when
restricted to W∂U,U1,U2φ . Thus, the linearized gluing field equation for the vector field
v = v1#Σv2 is the requirement that
((Lv1−v2Θ˜L)(w))[φ]|Σ = −Ω˜L(v1 − v2, w)[φ]|Σ, (7)
vanishes for any w ∈W∂U,U1,U2φ . A more convenient statement is that for any solution
φ and any w satisfying the linearized field equations (7) vanishes up to an exact
differential linear in w.4
It is interesting to characterize pairs of perturbations V1 and V
′
1 in U1 that would
be compatible with the same perturbation V2 on U2. There are two conditions: The
first one is a continuity requirement along Σ, stating that the perturbations evalu-
ated at the hypersurface agree. This condition, written in terms of their difference
x = v′1−v1, is the zeroth order condition x|Σ = 0. The second condition arising from
the linearized gluing equation is that Ω˜L(x, w)[φ]|Σ be an exact differential for any
solution φ and for any vector field w in SolsU . This condition carries information
about the perturbations in the bulk of U1 because, even when it is a condition im-
posed at Σ, it is sensitive to directional derivatives of the perturbation in directions
transversal to the hypersurface. Moreover, of the two conditions the second one is
the only one capable of transmitting information about x in the bulk from U1 to U2
through Σ. We will call v|Σ the holographic imprint of a perturbation; the second
condition compares the holographic imprint of two perturbations and it decides if
they are distinguishable or not. Notice that, this condition is linear in X and it
may have a non trivial null space. In that case, there would be some perturbations
which are different in the bulk of U1, but such that their difference x = v
′
1 − v1 6= 0
cannot be resolved by this condition; those aspects of bulk perturbation are filtered
out by the gluing condition at Σ and do not couple to v2.
Now let us consider a spacetime domain U without any physical division into
subdomains, and study the propagation of perturbations through thought hypersur-
faces arbitrarily placed inside U . A vector field x satisfying the condition x|Σ = 0
3 Now we are considering vector fields in SolsU , and as we mentioned earlier, restricting to local
vector fields could be physically inappropriate. Following the notation of Section 2, we will indicate
vector fields in the space of solutions by lower case letters and they will be inserted in multilinear
linear operators denoted by letters with a tilde over them indicating that they are defined at the
level of sections and they may be non-local. Recall that we do not need to define the objects with
tildes separately because if a given solution is chosen with the aim of evaluating the functional, we
can work with local objects using the formulas written in the language of the jet.
4 Our derivation of equation (7) uses Lx = ιxδ + διx, where δ stands for the field derivative,
and the property that (v1 − v2)φ|Σ = 0 implies that (v1 − v2)φ is in the kernel of Θ˜L|Σ.
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for every hyersurface Σ ⊂ U is the zero perturbation x = 0. On the other hand,
there may be non zero vector fields x such that
Ω˜L(x, w)[φ] is an exact differential (8)
for any solution φ and any vector field w in SolsU . Such a vector field hits a hy-
persurface Σ ⊂ U leaving a null holographic imprint, one that necessarily looses
all information transversal to the hypersurface, for any hypersurface.5 Notice that
vector fields of this type form a vector space. If these perturbations are regarded
as physically irrelevant, and the space of physical perturbations is considered to be
the quotient vector space in which perturbations satisfying condition (8) are iden-
tified with zero, then we could say that physical perturbations are those capable of
transmitting holographic information. This is a mild type of holographic principle
which in the context of this work, where spacetime geometry has not been fixed a
priori, may be thought of as the covariant ingredient needed for Newton’s principle
of determinism. Elevating this to a definition is described in the title of this article
with the phrase gauge from holography.6
Relativity and locality of measurement motivate the second condition needed
in our definition of gauge perturbations. The simplest way to present it is recall-
ing that we were searching for conditions for two variations of the field v1, v
′
1 on a
spacetime domain U1 to be indistinguishable to any field perturbation v2 over the
spacetime domain U2 intersecting with U1 at Σ. Now we will consider the situation
in which we have one domain of interest U ⊂ M with two perturbations v, v′ and
we look for conditions that make those two perturbations indistinguishable to any
perturbation w of the field in the complement of U . Those indistinguishable per-
turbations will be called gauge related in U . Because perturbations in U are judged
with respect to perturbations in its complement, it makes sense to demand that
gauge perturbations do not disturb the reference system. Then since ∂U separates
U from its complement, we should demand that a gauge vector field x act trivially
in the boundary
(xφ)|∂U = 0 for any solution. (9)
Now we comment on locality of measurement. Consider a situation in which
spacetime M has a Cauchy surface Σ˜ without boundary and where there is an
observable of interest which is calculated as the integral of a gauge invariant current,
e.g. fΣ˜[φ] =
∫
Σ˜
F˜ [φ]. We may calculate fΣ˜[φ] as a sum of local contributions one
of which corresponds to our spacetime domain of interest as fΣ[φ] =
∫
Σ
F˜ [φ], where
5 The conservation law for the presymplectic current described in Section 2 implies that
Ω˜L(x,w)[φ]|Σ is an exact differential for a given hypersurface Σ if and only if it is also an ex-
act differential for any homologus hypersurface Σ′ = Σ + ∂B.
6 In Section 5 we will talk about local gravitational observables exhibiting holographic behavior;
there our use of the term holographic is in the stronger sense meaning that the observables can be
evaluated through integration over codimension two surfaces.
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Σ = Σ˜∩U . The locality condition amounts to requiring that for any gauge invariant
current7 and for any hypersurface with ∂Σ ⊂ ∂U integrals of the type fΣ[φ] can be
evaluated and are gauge invariant. The locality condition is satisfied if equation (9)
holds. If we do not impose that gauge transformations act trivially on the boundary
we would end up in a situation in which fΣ˜[φ] is a gauge invariant observable which
may be calculated as a sum of local pieces, but in which the terms of the sum are
not gauge invariant individually.
Definition (Gauge vector fields in U). A vector field x in SolsU is declared to be a
gauge vector field if and only if xφ is in the null space of the linearized field equation
for every hypersurface and every solution φ, and it additionally vanishes at ∂U .
More precisely, we demand that
(i) x satisfies equation (8) and that
(ii) x satisfies equation (9).
Isolated gravitational systems may be modelled over a spacetime domain of the
type U = Σ × [0, 1] with the boundary ∂Σ × [0, 1] representing a world tube at
spatial infinity (and possibly an inner boundary modeling a horizon). Our framework
applies to any Lagrangian formulation of General Relativity, where it is known that
all generators of diffeomorphisms x induce perturbations such that Ω˜L(x, w)[φ] is a
pure divergence [24], which implies that x satisfies Condition (i) of the definition of
gauge vector fields. However, regarding variations that do not vanish at infinity as
gauge is inappropriate since they modify the reference frame needed to define energy,
momentum and angular momentum. Thus, preserving a reference frame at the
boundary that may be used as a reference for measurements is another motivation
for Condition (ii) of the definition of gauge.
The standard definition for gauge perturbations used in Lagrangian field theory
(appropriate in manifolds with no boundary) is in terms of families of symmetries of
the Lagrangian depending on a parameter that may be locally varying, and through
Noether’s second theorem this is related to ambiguities and over determination in
the field equation (see [21]). It is known that the standard definition implies our
Condition (i), and there are works which have conjectured that Condition (i) may
be equivalent to that definition (see for example [25]).
It can be verified that this definition of gauge perturbations leads to a Lie sub-
algebra of the algebra of vector fields in SolsU and to a notion of gauge equivalence
among solutions; see [26] for a proof.
Now it may be illustrative for the reader to go back to the two dimensional
abelian BF theory example. We have already calculated ΩL for that example in
equation (4). It is not difficult to show that condition (8) for the vector field in the
space of solutions implies that it must generate transformations in the closed one
form by exact forms, i.e. A′ = A + df for some function of the base manifold f .
7 A current F˜ is declared to be invariant under vector field x in the space of solutions if and
only if LxF˜ [φ] is a pure divergence for any solution.
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Recall that in the example spacetime was a cylinder M = R×S1. If the domain
of interest is the whole spacetime we can ignore Condition (ii) for gauge vector
fields. In this case the space of solutions modulo gauge is the two dimensional space
parametrizing constant functions (the B field) and cohomology classes of 1-forms
(the A field). On the other hand, if there are boundaries in the region of interest
U the space of solutions modulo gauge is larger. The usual space of solutions
modulo gauge would be recovered only after gluing all the regions of our subdivision
of spacetime. In the next subsection we will see that Condition (ii) allows for
the existence of nontrivial observables measuring A degrees of freedom in bounded
regions U of spacetime.
4 Observables from currents
It is natural to consider functions of the field calculated integrating currents over
hypersurfaces. If the currents depend locally on the field and its partial derivatives
those functions may be written as fΣ[φ] =
∫
Σ
jφ∗F ; in the general case we use the
notation
fΣ[φ] =
∫
Σ
F˜ [φ]. (10)
This functional is gauge invariant if the hypersurface is such that ∂Σ ⊂ ∂U and
the current is gauge invariant in the sense that for every gauge vector field x and
every solution φ the Lie derivative of the current LxF˜ [φ] yields a pure divergence.
Moreover, a current is conserved if when evaluated on any solution the function
does not depend on local deformations of the hypersurface of the type Σ′ = Σ+∂B.
In this case the resulting observable is a function of the solution φ defined by the
current (and the homology type of the surface).
A physical observable f is spacetime local if it is calculated integrating a density
which depends on finitely many partial derivatives of the field. A physical observable
fΣ calculated integrating a current is said to be hypersurface local if the current F˜ |Σ
depends on finitely many partial derivatives of the field; for those currents we could
write F˜ [φ]|Σ = jφ
∗F |Σ for some differential form F in the restriction of the jet to Σ.
The locality of an observable current F˜ can also be determined by an almost locally
Hamiltonian vector field v associated to it; if v is a depends on finitely many partial
derivatives of the field then the current is local and the observable is hypersurface
local. Consider a field theory which admits a formulation in terms of initial data.
Call TΣ the map sending initial data to solutions. We can use the pull back map T
∗
Σ
to transform spacetime covariant functionals into functionals of initial data. Since
this procedure involves integrating non-linear equations, it is generically a non-local
procedure which transforms spacetime local functionals into functionals which fail
to be hypersurface local.
There are very few hypersurface local observables, but we will see in this section
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that there are plenty of (possibly non-local) observables calculated integrating cur-
rents. One reason to suspect it is that T ∗Σ transforms every spacetime observable into
an observable depending on initial data and if the resulting observable is a current
(calculated with a collection of maps T ∗Σ labeled by the integrating hypersurface), it
must be conserved.
Here we will consider this type of observables where the domain of definition of
the current may be a proper open subset of the space of fields [27]. Consequently,
we consider physical observables which may be only defined in certain open domain
of the space of solutions.
Since in this work we will refer multiple times to (possibly non-local) gauge
invariant conserved currents defined in an open domain of the space of solutions, we
will use the term observable current to refer to a current of this type.
In order to make definitions a bit more concrete let us consider as an example
two dimensional abelian BF theory as defined in Subsection 2.2. The field equation
for the A field is dA = 0; then A is a conserved current and the functional
holΣ[Æ] =
∫
Σ
A
is gauge invariant if ∂Σ ⊂ ∂U . That is, the functional holΣ is defined in the space
of solutions modulo gauge in U , and its value is independent of deformations of the
integrating surface of the form Σ′ = Σ + ∂R with R ⊂ U .
Notice that if Condition (ii) for gauge vector fields were not present we would
not have a gauge invariant observables measuring A degrees of freedom in bounded
domains. In that situation, if we glued a collection of bounded domains {UI} that
covered spacetime M = R × S1 we would discover that even when there were no
observables measuring the A field in each of the domains UI , after gluing them all
together an observable measuring the holonomy of A around a non contractible loop
in the cylinder would appear. In contrast, in our setting the mentioned physical
observable in M is the sum of local contributions which when considered in the
bonded spacetime regions where they are defined are gauge invariant with respect
to the appropriate notion of gauge (not with respect to the notion of gauge relevant
when the region under study is the complete spacetime).
The resulting family of observables is a large family capable of distinguishing
solutions which are not gauge related. Thus, the family of observables includes
Noether charges for systems with simple Lagrangian symmetries whose generators
are defined everywhere in the domain of the Lagrangian density, and it includes many
more observables. Two aspects of our treatment are essential for proving separability
of points in the space of solutions modulo gauge: The first one is properly modeling
the space of variations of a given solution and the space of vector fields in SolsU as
discussed in Section 2. The second essential aspect is allowing observables which
are not defined for all fields, but which are defined only in a certain open domain in
SolsU . This will allow a tight correspondence between the differential of observable
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currents and almost locally Hamiltonian vector fields. A locally Hamiltonian vector
field v in U is a vector field in SolsU which preserves the multisymplectic form in
the sense that for any solution φ and any two vector fields w, z in SolsU
(LvΩ˜L)(w, z)[φ] is an exact differential vanishing at ∂U. (11)
Locally Hamiltonian vector fields in U preserve the presymplectic forms ωΣ(w, z)[φ] =∫
Σ
Ω˜L(w, z)[φ] defined using any hypersurface with ∂Σ ⊂ ∂U . An almost locally
Hamiltonian vector field is a solution of the linearized field equation satisfying a
version of equation (11) in which the condition that the exact differential should
vanish at ∂U is not imposed. Thus, almost locally Hamiltonian vector fields may
not preserve the presymplectic forms due to boundary terms. The importance of
this type of vector fields for us is that given a solution φ we can model the tangent
space of the space of solutions TφSolsU by vertical vector fields in the jet satisfy-
ing the linearized field equation which moreover are almost locally Hamiltonian;
we drop the condition over ∂U for the boundary term in equation (11) because
it could become an obstruction to generating TφSolsU . There is an alternative to
working with almost locally Hamiltonian vector fields, if the domain of interest is
of the form U = Σ × [0, 1], it is endowed with a foliation by Cauchy surfaces Σt,
and we are only interested in evaluating integrals on hypersurfaces belonging to the
foliation. The alternative is to work with locally Hamiltonian vector fields using a
version of equation (11) in which the exact differential is required to vanish only
over ∂Σ × [0, 1].8
The linearized field equation is a non linear partial differential equation, which is
linear only when not studied in the whole jet, but only on jφ(U) for a fixed solution
φ; thus when the linearized field equation is considered in the jet, its solutions may
exist only in a certain open domain. Since we are interested in providing conserved
currents which are linked to given solutions of the linearized field equation, it is
important for us to consider conserved currents which may be defined only on a
certain open domain. Given any almost locally Hamiltonian vector field v there is a
(non empty) family of observable currents which have it as their associated almost
Hamiltonian vector field. That is, for any solution of the field equation φ there is a
family of observable currents such that for any vector field w in SolsU
(LwF˜ + Ω˜L(v, w))[φ] (12)
is an exact differential. Thus, the derivative of fΣ[φ] in the direction of a pertur-
bation w, which we will write as LwfΣ[φ], is given by −ωΣ(v, w)[φ] except for a
boundary term which would vanish if the integrating hypersurface has no boundary
or if wφ vanishes over ∂Σ.
8 This alternative does not make sense if the metric is not such that the leaves of the foliation are
Cauchy surfaces. If the gravitational field is part of the system under study, using this alternative
implies considering only some allowed fields. For a discussion see Appendix A.
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It turns out that, in field theories with local degrees of freedom, observable
currents can distinguish gauge inequivalent solutions. A local version this statement
is as follows: Consider any given solution φ and any given curve of solutions φt
starting at φ0 = φ and determined by a vector field w in SolsU which is not a gauge
vector field. We will see that
d
dt
∣∣∣∣
t=0
fΣ[φt] 6= 0. (13)
Now we sketch the main part of the proof leaving out a case whose treatment requires
a more detailed calculation for Appendix B.
There are two non exclusive possibilities for w not being a generator of gauge
transformations; the first one is that condition (8) fails and the second one is that
condition (9) fails. Consider now the case in which condition (8) does not hold for
w. Thus, there is a solution φ, a vector field v in SolsU and a point p in the interior
of U such that9
Ω˜L(w, v)[φ](p) is not an exact differential. (14)
At this stage, our argument needs a concrete statement for the properties assumed
about field theories with local degrees of freedom. We assume that in a theory
with local degrees of freedom all perturbations of the field which are not gauge
generators have conjugated perturbations which are localized; more precisely, given
(i) any point p ∈ U , (ii) any solution φ and (iii) a w satisfying the condition stated
in equation (14), we assume that there must be a hypersurface Σ containing p (in
which we chose an auxiliary volume element volΣ) and a choice of v vector field in
SolsU (which can be chosen to be almost locally Hamiltonian) such that equation
(14) holds and where (Ω˜L(w, v)[φ])|Σ = λvolΣ with the proportionality constant λ
satisfying λ(p) > 0 and λ|U ≥ 0 where U is a neighborhood of p contained in the
interior of Σ such that v|Σ\U = 0. Then
d
dt
∣∣∣∣
t=0
fΣ[φt] =
∫
Σ
LwF˜ [φ] = −ωΣ(w, v) > 0, (15)
which concludes the part of the proof that we give in the main body of the article.
Previous works on similar approaches to classical field theory argue that there are
not many physical observables arising from integrating conserved currents besides
Noether charges (see for example [18, 28, 29, 30, 31]). The definitions on which our
work is based differ from those used in the cited literature in two aspects: First,
we allow for non-local currents. Second, the currents that we consider may be
defined only in a certain open domain in SolsU . The previous paragraph shows
9 Now we will denote points in spacetime by the letter p in order to avoid confusion with our
notation for vector fields in the space of solutions.
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that the observable currents considered here are an interesting source of physical
observables.
The case that was not covered in the proof given above is that relation (9) fails,
which means that there is a solution φ and a point p ∈ ∂U such that wφ(p) 6= 0.
Since the sub case in which (8) fails was treated above, considering the case where
(9) fails and (8) holds would conclude the proof; this is the case in which W is
not a gauge perturbation only because it fails to vanish over ∂U — a “would be
gauge” perturbation. Since this part of the proof involves detailed expressions of
the boundary terms we deal with it in Appendix B.
Before closing this section we comment on the type of measurements of the
bubble chamber, which are not properly modeled integrating currents. We consider
that if the field of interest φ couples with the measuring field ψ in such a way that
gauge equivalent fields φA ∼ φB are resolved, it should be claimed that the measuring
field significantly disturbes the system, and the actual field being measured is the one
corresponding to the composite system. If the system is not considerably disturbed,
the measurement induces a perturbation of the field satisfying the linearized field
equation (which could be chosen to be almost locally Hamiltonian). In this scenario,
the tools provided in this section show that an alternative equivalent description of
the measurement is constructed integrating a conserved current.
5 Hypersurface local gravitational observables are
holographic
We saw that a perturbation of the field modeled by an almost locally Hamiltonian
vector field v is related to a family of observable currents by equation (12). If we
call an element of this family F˜0 all the other elements of the family differ from it
by “a constant” F˜ = F˜0 + K, where an observable induced by the “constant” kΣ
is “field independent except for possible field dependence” due to boundary terms;
in particular, when ∂Σ = ∅ the observable kΣ is truly field independent. Another
important aspect of the relation set up by equation (12) is that given an observable
current F˜ there is a whole class of almost locally Hamiltonian vector fields related to
it. The difference between any two such perturbations x = v1− v2 satisfies equation
(8).
The results described in the previous section show that the family of observable
currents and perturbations satisfying equation (12) is capable of distinguishing gauge
inequivalent solutions. This suggests that all observable currents may satisfy that
equation for a given almost locally Hamiltonian perturbation, and the intuition turns
out to be a fact. For a more thorough explanation see [26].
Consider observables calculated integrating conserved currents of the type fΣ
as defined in equation (10) in a bounded spacetime domain with the topology of
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a four ball. In such a domain the homology type10 of a hypersurface with ∂Σ ⊂
∂U is determined by the spacetime codimension two surface S = ∂Σ. Due to
the conservation law, evaluation of this type of observables depends only on the
homotopy type of Σ, and in this situation Σ’s homotopy type is determined by
S. Additionally, after our notion of gauge excluded perturbations which do not
propagate trough hypersurfaces, the field modulo gauge in the interior is determined
by jφ|∂U . Thus, the evaluation of an observable of this type is determined by S and
by jφ|∂U . This result suggests studying an interesting subclass of these observables
such that their evaluation depends on jφ|S even if the evaluation cannot be achieved
integrating a differential form on S. We will see below that in the case of General
Relativity hypersurface local observables of the type fΣ can be evaluated as integrals
of differential forms over S = ∂Σ.
Let us recall the terminology declared in the introductory section now that we
have developed concepts and notation that let us be more explicit. A physical
observable f is spacetime local if it is calculated integrating a density which depends
on finitely many partial derivatives of the field. A physical observable fΣ calculated
integrating a current is said to be hypersurface local if the current F˜ |Σ depends
on finitely many partial derivatives of the field; for those currents we could write
F˜ [φ]|Σ = jφ
∗F |Σ for some differential form F in the restriction of the jet to Σ. The
locality of an observable current F˜ can also be determined by an almost locally
Hamiltonian vector field v associated to it; if v is a depends on finitely many partial
derivatives of the field then the current is local and the observable is hypersurface
local. We also mentioned in the introduction that for a field theory admitting a
formulation in terms of initial data, the integration of the field equations induces a
map which generically sends local spacetime covariant functionals into functionals
of initial data which fail to be hypersurface local.
Consider General Relativity on a spacetime domain U . The field describing the
system is the spacetime metric gab and perturbations are written as gab 7→ gab+hab. A
perturbation corresponding to a (possibly field dependent) diffeomorphism generator
X [g] has the form hXab[g] = ∇(aXb)[g]. It is a well known fact that for General
Relativity perturbations corresponding to diffeomorphisms satisfy the linearized field
equation and satisfy equation (8); that is, their insertion in the presymplectic current
yields a pure divergence (see for example [24]). According to our definition, the gauge
generators of General Relativity in the given domain turn out to be vector fields
generating diffeomorphisms whose restriction to ∂U is the identity.
Then the observables related to a gauge vector field x by equation (12) yield no
information because they are field independent. However, if x satisfies equation (8)
but does not vanish over ∂U its associated observables fxΣ[g] do carry non trivial
10 Hypersurfaces Σ and Σ′ are considered homologous if Σ′ = Σ + ∂B where B is dimension n
manifold with boundary contained in the closed spacetime domain U .
20
information. Those observables may have a field dependence due to boundary terms
fΣ[g] =
∫
Σ
F˜ x[g] = const. +
∫
∂Σ
σ˜x[g], (16)
where σ˜x is a field dependent n− 2 differential form. Even when these observables
are initially written in terms of bulk fields, they can be calculated as integrals on
the boundary of the integrating hypersurface; one may say that those observables
are holographic.
Anderson and Torre [15, 22] proved that the only solutions of the linearized
field equation for vacuum General Relativity in the absence of matter hab(jg(x)) =
hab(x, g, ∂xg, . . .) depending on an arbitrary, but finite, number of partial derivatives
of the metric are
hab = h
X
ab + c gab. (17)
Their result shows that, apart from rescaling generators, all local vector fields in
SolsU are gauge or “would be gauge” vector fields. Moreover, since rescaling gen-
erators are not almost locally Hamiltonian vector fields, those vector fields are not
associated to gravitational observables. A corollary of Torre [16] can be read as
saying that all hypersurface local gravitational observables (in the vacuum) are holo-
graphic.
In the next section we will exhibit a family of holographic gravitational observ-
ables and a large family of non holographic gravitational observables.
In contrast to the case of general relativity, as discussed in Subsection 2.2 the
example of two dimensional abelian BF theory is so simple that local fields and local
vector vector fields are enough for a physically reasonable model of the system. The
observable currents that we exhibited in Section 4 for that field theory are local and
the induced observables holΣ are not holographic.
11
Khavkine has proposed a generalized notion of spacetime local observables and
exhibited a large family of gravitational observables which are spacetime local ac-
cording to his definition [27]. As mentioned previously, if those observables are
transformed into functionals of initial data and those functionals turn out to be
integrals of currents, they would generically be non-local observable currents.
6 Examples of gravitational observables, holographic
and not holographic
For the sake of concreteness, in this section we will consider a spacetime domain U
with the topology of a four ball.
11 However if the domain of interest is not the cylinder spacetime but a domain U with the
topology of a ball, the closed form A becomes exact when restricted to U , and the observables
holΣ are indistinguishable from observables which are holographic.
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There are many gravitational observables in our setting. According to the con-
ventions stated in the previous paragraph, the components of the induced metric
on the boundary (the pull back of the spacetime metric to the boundary) q∂Uij (p)
evaluated any point p ∈ ∂U are considered observables.
This fact just talks about our choice of reference system. Part of our motivation
to impose equation (9) to gauge vector fields was to provide a reference with respect
to which we could measure the system of interest —the bulk field. The observables
mentioned in the previous paragraph are not of physical interest in themselves, but
they will enable us to define interesting gravitational observables.
In Section 4 we described how in our framework given an almost locally Hamil-
tonian vector field which is not a gauge perturbation there is a family of observable
currents corresponding to the given vector field. We also argued that for field the-
ories with local degrees of freedom there are plenty of almost locally Hamiltonian
vector fields which are not gauge. Since for any observable associated to a locally
Hamiltonian vector field which is not gauge the second term in (12) does not vanish,
those observables are not holographic.
In the previous section we asked if hypersurface non local gravitational observ-
ables could be approximated by local ones implying that non local gravitational
observables are also holographic. With the aide of equation (12) we see that this
question is equivalent to asking if for any given solution φ the tangent space to the
space of solutions at φ can be generated by local almost locally Hamiltonian vector
fields, where the term “locally Hamiltonian” refers to preserving the pre-symplectic
form and the term “local” refers to depending on partial derivatives of the field of
at most order k for some finite k. In this terminology Anderson and Torre’s result
cited above says that the tangent space to the space of solutions of vacuum General
Relativity based on any solution is not generated by the local solutions of the lin-
earized field equation. Local perturbations generate only gauge or would be gauge
directions, proving that hypersurface non local gravitational observables cannot be
approximated by hypersurface local ones.
A large family of observables is given by the symplectic product of physical
perturbations (see [26]). There is a subfamily which is holographic and a subfamily
which is not. Assume that we are given two almost locally Hamiltonian vector fields
v, w. The observable referred to as the symplectic product is
ωLΣ(v, w)[φ] =
∫
Σ
Ω˜L(v, w)[φ]. (18)
It is simple to verify that this observable is associated to the Hamiltonian vector
field [v, w]. If [v, w] satisfies equation (8) and does not vanish in the jet over ∂U ,
then ωLΣ(v, w) is a non trivial holographic observable. These are not very extrav-
agant conditions; in the case of General Relativity, they would be satisfied by two
diffeomorphisms generators whose commutator does not vanish over ∂U . A point
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that needs to be mentioned is that in General Relativity the diffeomorphism gener-
ators may be field dependent and in this way observables of this type encode non
trivial information about the field. On the other hand, if [v, w] does not satisfy
equation (8) the second term of (12) does not vanish implying that ωLΣ(v, w) is not
a holographic observable.
Below we give another family of examples of gravitational observables that can
be defined thanks to the existence of a reference at the boundary. If the reader
would like to have further motivation for considering bounded spacetime domains,
it could be illuminating to read Appendix A. There we use a covariant initial value
formulation on a given hypersurface with boundary Σ, which may be thought of
as a laboratory where enough data is retrieved at a given time as to determine a
solution inside U = D(Σ), to discuss key aspects of the formalism described earlier
in this article.
When the location of individual points inside U can be determined in terms of
matter fields, a wealth of options for gravitational observables opens up. Different
variants of the procedure to construct observables of the system of gravity coupled
to matter used at the beginning of our argument have appeared in uncountably
many references. If two points p1, p2 ∈ U (which are sufficiently close according to
the metric field) are located using relations involving matter fields an example of an
observable is the length of a geodesic γp1p2
Length(γp1p2)[g, φ], (19)
where we have denoted the gravitational field by g and the matter fields collectively
by φ. If the gauge choice is changed, the location of p1 and p2 in the coordinate
chart will change and the coordinate expression of the metric will also change in
such a way as to leave the value of the observable unchanged; this is what makes
it a physical observable. Notice that the condition that the points p1 and p2 be
sufficiently close forces us to consider observables which are only locally defined in
the space of fields. This observable depends on the the gravitational field and on
the matter fields relative to which the points are located.
On the other hand, if the points p1 and p2 belong to ∂U they can also be deter-
mined by the matter fields (or even by the gravitational field) outside of U . If this
is done, the family of observables Length(γp1p2) has the interpretation of measuring
the gravitational field in U with respect to a reference frame determined by the
fields outside of U ; then we can proceed assuming that Length(γp1p2) measures the
gravitational field inside U and is defined without the need of matter fields inside U .
Furthermore, considering the restriction of the field to ∂U as unaffected by changes
of gauge (as demanded by equation (9)) implies that the function Length(γp1p2)
depending only gravitational field inside U is an observable. The interpretation of
such an observable is that it measures the field inside U with respect to a reference
system located at ∂U which could be thought of as determined by fields outside of
U .
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Similar arguments could be used to define physical observables measuring areas
of minimal surfaces determined by curves fixed at ∂U , or measuring volumes enclosed
by collections of such surfaces.
Are observables in these families holographic? They are not. One way to see
that this might be true is to observe that the requirement for the functional to be
an observable is that γp1p2 is a spacetime geodesic and when spacetime data has to
be retrieved from initial data at a given hypersurface the non linear field equations
together with any gauge condition used enable calculations need to be solved to
have the location of the spacetime geodesic determined in terms of the initial data.
Torre’s result [16] confirms that our suspicion that Length(γp1p2) is not a holographic
observable is in fact correct.
7 Conclusions
We started reviewing the notion of what a gauge perturbation is in the context of
Lagrangian field theories defined on confined spacetime domains. The initial as-
sumptions included that we are working in a covariant setting in which spacetime
geometry may be one of the dynamical fields, implying that there is no causal struc-
ture fixed a priori. The initial consideration to determine which perturbations are
considered gauge was a covariant form of a determinism principle thoroughly ex-
plained in Section 3. The outcome was equation (8), and it emerged from a study
of how perturbations propagate through hypersurfaces as dictated by the linearized
gluing equation. Since the transmission of information through spacetime codimen-
sion one surfaces played a key role, we referred to the argument as gauge from
holography, and it was admitted that the term referred to a mild type of holography
as compared to the the holographic behavior of hypersurface local gravitational ob-
servables described on Section 5 which is associated to spacetime codimension two
surfaces.
At first glance, it may seem that both aspects of holography mentioned in the
previous paragraph are disjointed, and that the term holography refers to completely
are unrelated phenomena in both instances. However, the work presented in this
article shows the intimate relationship between them: First of all, from our defi-
nition of gauge vector fields and our considerations of observables which are only
locally defined in the space of solutions, we could give a straight forward argument
proving that observables calculated integrating observable currents fΣ (see equation
4) are capable of distinguishing gauge inequivalent solutions. A key ingredient of
the argument was that almost locally Hamiltonian vector fields (these are perturba-
tions of the field which respect the pre-symplectic form up to boundary terms which
may not vanish) defined locally in the jet generate the tangent space to the space of
solutions based at any solution. Second, any almost locally Hamiltonian vector field
v induces a (family of locally defined) observables f vΣ which are holographic if V
24
satisfies equation (8) and they are non trivial if condition (9) is not satisfied. Thus,
field perturbations related to non trivial holographic observables are exactly those
which could be referred to as “would be gauge vector fields” in the sense that they
are not gauge only due to the presence of a boundary. The information encoded in
those observables can be non trivial because the perturbations satisfying equation
(8) —in the case of General Relativity the diffeomorphism generators— may depend
nontrivially on the field.
In Section 6 we exhibited a large family of examples of observables corresponding
to the symplectic product of field perturbations, and we characterized the subfamily
consisting of non trivial holographic observables.
Observables in nonlinear theories with gauge redundancies defined in spacetime
domains foliated by Cauchy surfaces with no boundary, are expected to be nonlocal
in the sense of depending on infinitely many derivatives of the field. A brief discus-
sion of the reasons behind this expectation is given in Section 6. However, we saw
that in the presence of boundaries non trivial observables with holographic behavior
arise.
Can every gravitational observable be approximated by local observables, inher-
iting their holographic behavior? This issue is addressed in Section 6, where we
show that this is not the case.
Is the family of holographic observables capable of separating points in the space
of solutions modulo gauge? The arguments given above tell us that this question
is equivalent to asking if for any given solution the tangent space to the space of
solutions based on it is generated by gauge vector fields together with would be
gauge vector fields, which is clearly not the case.
Apendix A
In this appendix we motivate working with bounded spacetime domains from the
point of view of a covariant initial value formulation on a given hypersurface with
boundary which may be thought of as a laboratory where data is retrieved at a
given time. We comment on the correspondence between this formalism and the
one used in the main body of this article emphasizing interpretational issues which
arise when setting up the correspondence and their relation with two key aspects of
our formalism: considering locally defined observables and the notion of gauge.
For the sake of concreteness, consider the following scenario for gravitational
thought measurements on earth: Earth’s southern hemisphere is covered by labora-
tories (covering a layer from a height of 0 to 100 meters above the sea level) equipped
with clocks and measuring devices for gravitational field, and all the matter fields
coupling to it, and their rates of change as to have initial data at a certain time
slice Σ for the system consisting of gravity and gravitating matter. From those mea-
surements we should be able to predict (and retrodict) physical properties of the
25
fields inside the domain of dependence of that hypersurface D(Σ). In order to start
calculations we choose a coordinate chart for a spacetime region containing D(Σ)
and also choose a gauge. Then the measurements are translated into functionals of
the initial conditions for a system of partial differential equations that can be solved
inside D(Σ). In fact, one thing that can be calculated is the actual location of
D(Σ) according to the chosen coordinate chart. Let us call U the spacetime domain
resulting from a truncation of D(Σ) with a topology of the type Σ × [0, 1] (where
Σ is a three dimensional ball). The domain U is endowed with a foliation in which
one of the leaves is a truncation of Σ.12 Let us assume that the system, consisting
of General Relativity coupled to matter, has a description in which active spacetime
diffeomorphisms are a gauge symmetry. In this case, the location of D(Σ) in the
host four manifold is gauge dependent. Picturing D(Σ) as a given portion of a four
manifold implies either partially fixing the gauge or considering equivalence classes
(somehow defined in terms of the fields themselves) which are the ones associated to
D(Σ) resulting in a formalism where active diffeomorphisms are no longer a gauge
symmetry. The formalism described in Section 1 and Section 3, in particular the
definition of gauge perturbations, includes these ideas at its core; from the outset
we worked on a given spacetime domain U (which may be a portion of spacetime
and where gluing descriptions over such spacetime domains enjoys of interesting
properties [26]). Thus, one way of picturing the spacetime domains U endowed
with a foliation used in the main body of this article may be as truncated domains
of dependence of a given hypersurface with boundary. However, this interpretation
works only in a certain regime of fields whose induced causal structure is compatible
with such an interpretation. Observables would have that interpretation only (and
possibly be well defined only) for a given domain of fields. Working with locally
defined observables is a crucial point of our framework.
Apendix B
In this appendix the submanifold of the jet in which the field equation E(L) =
0 holds will be denoted by EL ⊂ JY ; the space whose elements are solutions of
the linearized field equation will be denoted by FU , those which are almost locally
Hamiltonian by FˆLHU , and the locally Hamiltonian ones by F
LH
U . Clearly F
LH
U ⊂ Fˆ
LH
U ⊂
FU .
Here we consider the case in which the curve of solutions φt with φ0 = φ and
determined by a vector field w in SolsU which satisfies condition (8) and does not
satisfy condition (9). Thus, w satisfies the following two conditions:
(i) (Ω˜L(w, z)[φ] = dρ˜
w(z))[φ]
12 A truncation procedure starts with removing a tubular neighborhood T of ∂Σ from Σ, and
consider A = D(Σ \ T ). Then consider the subset B of D(Σ) which is covered by leaves Σt with
t ∈ [ǫ, 1− ǫ]. A truncation with the properties we seek is U = A ∩B.
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for every solution φ and every vector field z in SolsU , and where ρ˜
w is an operator
which depends linearly on a vector field, acts as a differential operator in the field
and it is valued in n− 2 forms of M .
(ii) wφ(p) 6= 0
for some solution φ and some p ∈ ∂U .
Now we choose an almost locally Hamiltonian vector field v in SolsU , which
means that LvΩ˜L(y, z)[φ] = dσ˜
v(y, z)[φ] for every solution φ and every pair of
vector fields y, z in SolsU , and where σ˜
v is an operator depending linearly on each
of the vector fields and acting as a differential operator in the field. Condition
(12) expressing the compatibility of v with a current F˜ may be written as (LzF˜ +
Ω˜L(v, z))[φ] = dσ˜
F (z)[φ] for every solution φ and every vector field z in SolsU and
where the differential operator σ˜F satisfies σ˜v(y, z)[φ] = (−δσ˜F + λ˜F )(y, z)[φ] (with
dλ˜F (y, z)[φ] = 0) for every solution φ and every pair of vector fields y, z in SolsU .
Then
LwF˜ [φ] = −Ω˜L(v, w)[φ]− dσ˜
F (w)[φ] = d(−ρ˜w(v)− σ˜F (w))[φ], (20)
where we have used (i).
The equation d
dt
|t=0fΣ[φt] =
∫
Σ
LwF˜ = 0 is one scalar condition which can be
studied with v and λ˜F as unknowns. Clearly for generic values of v and λ˜F the above
equation does not hold. In this way we arrive to the desired conclusion that also in
the case considered in this appendix observables constructed integrating observable
currents suffice to separate points in the curve of solutions φt in a neighborhood of
φ0 = φ.
For a more detailed presentation see [26].
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